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SUMMARY

The magnetotelluric (MT) method is a powerful tool for mapping subsurface electrical structures, yet it faces
challenges in 3D inversion due to data limitations, resulting in ill-posed and non-unique problems. This paper
introduces a novel algorithm for constrained inversion of 3D MT data, integrating structural and rock-physics
constraints. Our approach employs unstructured tetrahedral meshes for subsurface discretization and uti-
lizes the Gauss-Newton method to minimize the objective function. Structural constraints are applied using
the cross-gradient method, while rock-physics constraints are incorporated through the guided fuzzy c-means
clustering (GFCM) method. Initially, we validated our algorithm using a block anomaly model with undulating
topography, comparing the results of unconstrained and constrained inversion. The findings demonstrate that
constrained inversion produces a more accurate model. This research enhances our understanding of the
Earth’s subsurface by effectively integrating structural and rock-physics constraints into 3D MT inversion, offer-

ing a valuable tool for geophysical exploration and research.
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INTRODUCTION

The magnetotelluric (MT) method is a crucial geo-
physical technique used to investigate the Earth’s
subsurface structure (Tikhonov, 1950). By analyz-
ing electromagnetic fields measured at the surface,
it provides insights into the subsurface’s electrical
distribution (Rikitake, 1948; Cagniard, 1953). How-
ever, 3D inversion of MT data is challenging due
to data limitations and noise, leading to nonunique-
ness problem (Moorkamp et al, 2011; Colombo and
Rovetta, 2018).

Incorporating prior information can narrow the solu-
tion space, potentially leading to improved inversion
results (Zhdanov et al, 2012; Moorkamp, 2023). In
recent years, there has been a notable trend toward
using joint and constrained inversions to enhance
the resolution and reliability of geophysical mod-
els (Gallardo and Meju, 2003; Zhdanov et al, 2012;
Franz et al, 2021). Structural constraints assume
that different subsurface physical models share sim-
ilar structures. Representative methods include the
cross-gradient method (Gallardo and Meju, 2003),

which aligns gradient directions of different models.
Rock-physics constraints integrate additional geo-
logical information like parameter relationships or
statistical data, exemplified by the guided fuzzy c-
means (GFCM) clustering (Sun and Li, 2015), which
concentrates inversion model parameters around
specified centers, enhancing geological interpreta-
tion.

Despite notable research advancements in con-
strained inversion in recent years (Lelievre et al,
2012; Colombo and Rovetta, 2018; Zhang et al,
2023), existing methods predominantly address 2D
cases or utilize structured meshes. Few studies
have explored constrained inversion techniques in
the context of complex 3D models. Consequently,
there is a pressing need for the development of 3D
constrained inversion software equipped with crucial
functionalities. Such software should use unstruc-
tured tetrahedral meshes to accommodate undulat-
ing topography and the complex geometries of 3D
geological structures. Furthermore, it should effec-
tively integrate a variety of prior information sources
to enhance the accuracy and reliability of inversion
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results.

This paper presents an algorithm for constrained in-
version of 3D MT data using tetrahedral meshes.
The algorithm integrates structural and rock-physics
information through cross-gradient and GFCM con-
straints. By discretizing the study area with tetrahe-
dral meshes, the algorithm effectively handles com-
plex topography. The Gauss-Newton method is em-
ployed to minimize the objective function, ensuring
convergence of the constrained inversion algorithm.
We validate the algorithm with a synthetic model.
The results demonstrate that our constrained inver-
sion approach significantly enhances the reliability
and resolution of the inversion model.

METHODOLOGY

In this section, we briefly introduce the theory of the
constrained inversion algorithm developed in this
paper. First, we present the composition of the ob-
jective function. Next, we explain the basic princi-
ples of the cross-gradient method and the GFCM
method. Finally, we describe how the objective func-
tion is minimized using the Gauss-Newton method.

Objective function

We consider the constrained inverse problem as a
minimization of the objective function:

d)(m) = d)d(m) +a¢m (m) +ﬂ¢cg(m) +’Y¢gfcm (m)7
(1)

where ¢4 and ¢,, are data misfit and model rough-
ness term, respectively; ¢, is the cross-gradient
term and ¢giem is the GFCM clustering term; three
factors («, 8 and ) are the trade-off parameters; m
is a vector given by the logarithmic transformation of
the electrical conductivity (Kim and Kim, 2011).

Cross-gradient method

The cross-gradient function, which measures the
structural resemblance of different models, is de-
fined as the cross product of the gradients (Gallardo
and Meju, 2003):

t = Vm(z,y,2) x Vm,(z,y, 2), )

where m is the conductivity model, and m is a fixed
priori model obtained from geological or geophysical
information.

Guided fuzzy c-means (GFCM) clustering

Assuming there are C types of geological units
within the study area, with their respective resistiv-
ities being ¢t = [t1,t2,...,tc], we can formulate the
GFCM clustering problem as follows (Sun and Li,
2015):

M C c
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where M is the number of model parameters; v; is
the center of the jth cluster; u,; is the membership
of the ¢th model cell with respect to the jth cluster;
q is a fuzzy parameter, usually set to 2.0; and n; is
a weighting factor, which is determined according to
the reliability of the prior cluster center ¢;.

Finally, to ensure the convergence of the inversion
algorithm, we used the Gauss-Newton method to
minimize the objective function. The Gauss-Newton
method is particularly advantageous due to its effi-
ciency and robustness in handling non-linear least
squares problems. For more details, please refer to
Grayver et al (2013).

SYNTHETIC TEST

The synthetic model, shown in Figure 1, contains
two block anomaly objects within a homogeneous
half-space of 100 &m with undulating topography.
The resistivities of the two anomalies are set to
10 Om and 1000 &m. For forward modeling, the
40 x 60 x 20 km study area was discretized into
822,932 fine cells, with a total of 1,324,227 cells
when including boundary cells and the air layer. The
full impedance tensors of 77 sites and 16 frequen-
cies uniformly distributed on a logarithmic scale in
the frequency range of 0.001-10 Hz were generated.
In addition, 5 percent Gaussian noise was added to
the data.
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Figure 1: True model of the first synthetic example.
a) 3D view, the black points at the surface rep-
resent the MT sites. b) The vertical slice at X
= 20 km. c) The horizontal slice at Z = 7 km.

The vertical slices of inversion results are shown
in Figure 2 to compare different constraints. True
boundaries of anomalous targets are outlined in
white. Compared to the real model (Figure 2a), all
inversions capture the basic features of the anoma-
lies. Unconstrained inversion (Figure 2b) recovers
a resistor with resistivity around 300 m and a con-
ductor with a blurred boundary, especially the lower
boundary. With the cross-gradient constraint (Fig-
ure 2c), boundaries become clearer and more con-
sistent with the true values, indicating its effective-

ness but weakness. GFCM constrained inversion
yields significantly improved results (Figure 2d), with
the resistor’s resistivity recovered to about 800 m,
closer to the true value. Simultaneous application of
both constraints recovers resistivity values close to
the true ones and restricts targets within their true
boundaries, though deeper structures are not fully
recovered.

0 X(km)
P 20

| aaaaase— |
10 30 100 300 1000
Resistivity(ohm.m)

40
“© Y(km) 29 0 C)

Y(km) zp ) ”1.) X(km) »

40

40

Y(km)]
o Yo

Figure 2: Inversion results of the first synthetic ex-
ample at X = 20 km. a) The true resistivity
model. b) Unconstrained inversion. c) Cross-
gradient constrained inversion. d) GFCM con-
strained inversion. e) Cross-gradient and
GFCM constrained inversion. The true bound-
aries of the anomalous targets are outlined by
the white line.

CONCLUSIONS

In this study, we developed a constrained inver-
sion algorithm for 3D MT data, integrating structural
and lithological constraints. Through validation on a
synthetic model, our method significantly improved
the resolution and reliability of subsurface electrical
structures.
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